This paper establishes a theoretical framework for analyzing and classifying actuators which generate their output by rectifying small amplitude mechanical vibrations such as might be generated by piezoelectric elements. These ideas are of interest when designing for microfabrication because motors based on these principles (i) can generate translational output directly without use of rotary bearings, (ii) appear to be scalable over several orders of magnitude of the length scale, and (iii) appear to be capable of generating mechanical power proportional to driving frequency over several orders of magnitude of frequency. Achieving this performance is dependent upon being able to fabricate features, or at least control surface irregularities, on the scale u/w where v is the velocity of the actuator and w is the operating frequency.
INTRODUCTION
Within the past few years there have been a number of papers written about the design of small electric motors. For the most part the designs considered have been based on the use of electrostatic forces [1],[2], [3] . Such systems are particularly attractive if high speed, low torque, rotary motion is desired. Although intended for larger scale applications, recently there have also appeared several interesting designs based on other principles, such as standing wave ("inchworm") designs [4] and the traveling wave motor 15). In this paper we consider generic designs of high force, low velocity, motors, with the study of linear motion generation being of special interest.
Our point of view is derived from the following 0bservatior.s:
(i) There are available a variety of materials which directly convert electrical energy to mechanical energy through the piezoelectric effect. These are low strain, high force effects.
(ii) Such materials can effectively generate low amplitude mechanical vibrations in the 1000 -200,000 Hz range, with higher frequencies yielding greater power per unit volume.
(iii) In order to generate large amplitude displacements using this transduction mechanism it is necessary to "rectify" the mechanical oscillation. 
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We will refer to any device which transforms reciprocating motion into steady linear or rotary motion as a mechanical rectifier.
It may be useful to draw attention to an analogy with microwave engineering. In the 1930's and 1940's the effort devoted t o problems which arose in connection with generating and transmitting high frequency power for radar, communication, and eventually microwave heating, changed the subject of electrical engineering in a profound way. Key results of this subject included the coupled wave analysis of traveling wave tubes, parametric amplifiers, the frequency power (ManleyRowe) equations and the steady development of ever better materials. Of course, high frequency mechanical vibrations in the ultrasonic range are already widely used in acoustical imaging, nondestructive testing and in a variety of niche markets. Recently a number of different types of piezoelectric motors have become available and consumer products based on them have been announced. Surface acoustic wave devices and optoacoustic elements have already found a place in electronics. Clearly this is a time of rapidly expanding possibilities for ultrasonic engineering.
It has been suggested in the literature that certain aspects of mechanics need to be rethought insofar as they are to be a p plied to vibratory systems. In particular, static friction seems to be reduced if the contacting surfaces are subjected to a small amplitude, high frequency oscillation. The attention of the reader is directed to the survey [9] for a discussion of a number of interesting questions related to these and other matters.
THE CLASSIC SITUATION
The piston/crankshaft mechanism is, of course, the usual model for mechanical rectification. It converts reciprocating motion to steady rotational motion and can, with the addition of a rack and pinion, convert reciprocating motion to steady rectilinear motion. It does not seem to be particularly well suited for microfabrication, however. Because the rotational velocity of the crankshaft equals the frequency of the recipr+ cating motion, high frequency vibration equates to high rotational speeds. At the same time, this coupling produces no mechanical advantage so that any required mechanical advantage must be generated by gearing. It is also worth noting that the offset of the crankshaft equals one-half the amplitude of the reciprocating motion. Thus for piezoelectric systems the offset of the crankshaft would appear to be unacceptably small and the rotational velocities unacceptably large.
In view of this it is not surprising that the commercially available piezoelectric motors do not use piston/crankshaft kinematics but instead use a variety of more subtle methods. In this paper we discuss the range of possibilities in some gen-erality, making use of a geometric viewpoint. Our goal is to establish the framework of a general theory and to illustrate its applicability with examples.
DIFFERENTIAL EQUATION MODELS
From the point of view of classical mechanics, rectifiers are necessarily nonholonomic systems. This remark is to be understood in the following sense. When the vibrating transducer completes one cycle returning to its original position, the output element to which it is coupled will not return to its initial position. Instead it will be offset by a certain amount. Indeed, this is the essence of the function of the rectifier. Thus although the vibrator and the output must be coupled, there can be no finite set of smooth functions di(z1, z2,. . . , 2,) such that the only constraints relating the position of the vibrator and the output are of the form q$(zlr z2,. . . ,zn) = 0. It will typically happen that the relation between the position of the vibrator and the output will take the form of one or more velocity constraints which cannot be integrated to give position constraints. This is the standard source of examples of nonholonomic systems 161. There is, however, a second type of nonholonomic situation which arises. This occurs in systems for which there are certain regimes during which parts are in contact and move together constrained by structure or friction and other regimes during which they are separate and go their own ways.
We will discuss a number of methods of realizing rectification corresponding to the table shown in figure 1. The distinctions are based on the number of driving vibrators (this is analogous to the classification of electric motors as single phase or three phase) and on the type of coupling (distinguishing between smooth contact or piecewise smooth contact). In all cases we will be able to model the input/output relations by a set of differential equations and the remainder of this section is devoted to the discussion of some aspects of ordinary differential equations which are important for the results on vibratory actuators which follow. There is no very useful general theory of periodic solutions of nonlinear differential equations, however there is an effective theory based on the assumption that the nonlinear part of the differential equation is small. Starting with a vector equation one postulates the existence of a change of coordinates of the form z ( t ) = P ( t ) z ( t ) such that P ( t ) is periodic and such that 44 = 4 4 t ) , with c a small parameter, g ( 0 , t ) = 0 and g ( . , t ) periodic of period T with respect to t . We distinguish between two possibilities, the first being a special case of the second.
(a) there is a solution z ( t ) = zo + c p ( t ) which is also periodic of period T (b) there is a solution z ( . ) which is the sum of a constant, a periodic term and a linear term, i.e.
z ( t ) = 20 + c p ( t ) + €'at
with a a constant (vector).
The term at is often said to be a secular term. In the situation of interest here the vector t represents the state of the entire system (e.g. the positions and velocities of all elements if we are discussing a lumped mechanical system). Since we want to convert periodic motion into rectilinear motion, we see that we are interested in case (b).
The analysis of i ( t ) = c g ( z ( t ) , t ) for c small proceeds by freezing z and averaging the right-hand side over one period, ) and we will use it to guide our latter developments.
THEROLEOF AREA
Since the vector a represents the velocity of the rectified output, we are interested in determining how a depends on the properties of the system. The following remarks will be useful in this regard.
The area under a curve y = f(z) can be expressed as A ( t ) = /,t y z dt provided that z itself is a function of a monotone increasing variable, say time. The area can also be expressed as
A ( t ) = z ( t ) y ( t ) ( i -I, ' yz dt

If z(t+T) = z ( t ) and y ( t + T ) = y(t), then the curve (z(t),y(t))
is closed and the signed area encompassed by the curve is be effectively excited at the same frequency, then the shape for 0 5 t 5 T and p ( t ) is a periodic function. Arguments given in our earlier paper (81 show that this control system is a canonical form for a two input controllable system with no drift term. We will now give a heuristic argument as to how it can be thought of as a canonical form for smooth vibrational rectification. 
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TYPE A KINEMATIC REALIZATION
We wish to describe prototype mechanisms for producing linear motion by rectification using precise smooth kinematics. The basic mechanism is only slightly different from the completely smooth version to be discussed in the next section.
Consider a beam supported at each end and which is being driven in such a way as to excite the first and second harmonic (see figure 2) . If the beam is shaped so that these modes can 5 1
TYPE B KINEMATIC REALIZATION
In a type A realization the governing equations are only piecewise smooth because during part of the cycle the vibratory element and the output element are not in contact and no forces can be transmitted. Although this mechanism is easily described and appears to be rather easy to realize in various ways, there is one major disadvantage; the behavior of the driven member, being out of contact for part of the cycle, is not constantly under control. With a somewhat more complicated kinematic setup this difficulty can be eliminated.
In figure 4 we show a vibratory element which has a thin disk attached and which oscillates with two modes as above but now the disk rolls without slipping on movable output member A. Even thobgh there is some coupling of the torsional mode with the first and second transverse mode there are still only two modes of vibration. In order to make the system reversible in the sense that the sign of the secular term can be controlled it is necessary to rely on effects related to a change in the frequency of U. The idea is well explained by recasting the model in second order form. If w is greater than 1, then the same formula applies except there is a minus sign because 2 and U are then nearly 180" out of phase. Thus in this model the direction of the output motion is controlled by the frequency, its speed by the amplitude of U.
SMALL AMPLITUDE GAIN
It is to be observed that unlike conventional systems the mechanical advantage of this type of system cannot be evaluated by computing the jacobian of some map as in the law of levers. In fact, as the amplitude of the driving oscillation goes to zero, the mechanical advantage goes t o infinity.
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